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We consider the ADM splitting of the Einstein–Hilbert action in ﬁve dimensions in the presence of
matter that can be either a “point particle”, or a set of scalar ﬁelds. The Hamiltonian, being a linear
superposition of constraints, is equal to zero. Upon quantization, we obtain the Schrödinger equation for
a wave functional, Ψ , that depends on the matter degrees of freedom, and on the 5D gravity degrees
of freedom. After the Kaluza–Klein splitting, the functional Schrödinger equation decomposes so that it
contains a part due to 4D gravity, a part due to electrodynamics, and a part due to matter. Depending on
choice of the matter term, we obtain two different versions of a modiﬁed quantum electrodynamics. In
one version, time automatically appears, and there is no problem with inﬁnite vacuum energy density of
matter ﬁelds, whereas in the other version such problems exist.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
Quantization of gravity is still enigmatic. A straightforward ap-
proach is to start from the Einstein–Hilbert action in the presence
of matter. Because of diffeomorphism invariance, such system has
constraints, called the Hamilton and momentum constraints. In the
quantized theory, the constraints become operators that annihilate
state vector. The Hamilton constraint gives the Wheeler–DeWitt
equations [1]. The Hamiltonian, H , which is a linear superposi-
tion of constraints (this also involves the integration over space),
is identically zero. After quantization, the equation H = 0 becomes
H|Ψ 〉 = 0, in which there is no explicit time derivative term. How
to obtain such a term is subject of intensive research [2].
Another enigmatic subject is the uniﬁcation of gravity with
other fundamental interactions. An approach that has been much
investigated is to consider gravity in a higher-dimensional space-
time, MD . The four-dimensional gravity and Yang–Mills interac-
tions, including the electromagnetic U(1) interaction, are all incor-
porated in the metric of MD , if MD is equipped with appropriate
isometries [3].
As a ﬁrst step, to see how the theory works, it is instructive to
consider gravity in ﬁve dimensions. Beciu [4], Lacquanity and Mon-
tani [5] considered the canonical gravity in 5D, by performing the
ADM [6] and Kaluza–Klein splitting of spacetime. In this Letter we
will extend their work to include a matter term, Im , in the action.
Usually, a matter term consists of scalar, ϕα , or spinor ﬁelds, ψα ,
minimally coupled to gravity. Upon quantization, those ﬁelds and
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late particles. In the Schrödinger representation, in which the ﬁeld
operators are diagonal, the ﬁelds occur as arguments in the wave
functional Ψ [ϕα, . . .].
In a previous work [7], we investigated an alternative approach.
The idea was based on the fact that, classically, objects are de-
scribed by spacetime coordinate functions Xμ , μ = 0,1,2,3. The
simplest object is a point particle, described by Xμ(τ ). However, a
point particle is an idealization. In reality, there are no point parti-
cles. According to Dirac [8], even the electron can be envisaged as
a charged spherical membrane, its center of mass being described
by Xμ(τ ) (see [9]). Neglecting the internal degrees of freedom, we
can describe a particle by an action functional Im[Xμ(τ )], bear-
ing in mind that such description is only valid outside the (ex-
tended) particle. Because the particle is not a black hole, its radius
is greater than the Schwarzschild radius. Since the particle is cou-
pled to gravity, the total action contains the kinetic term for grav-
ity, I g[gμν ], as well. At the classical level, the degrees of freedom
are thus Xμ(τ ) and gμν(xρ). Extending the theory to ﬁve dimen-
sions, the classical degrees of freedom are XM(τ ) and GMN (X J ),
M,N, J = 0,1,2,3,5. Such theory, besides the constraints of the
canonical gravity—now in 5D—has an additional constraint, due
to the reparametrization invariance of the “point particle” action
Im[XM ,GMN ]. Upon quantization, the latter constraint becomes the
Klein–Gordon equation for a wave functional Ψ [XM ,qab], a,b =
1,2,3,5, where instead of GMN we now consider the reduced
number of the metric components. We show how the Hamilton
and momentum constraints, if integrated over dx1 dx2 dx3 dx5 and
split à la Kaluza–Klein, contain quantum electrodynamics, apart
from a difference that comes from our usage of Im[XM ,GMN ],
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−i∂Ψ/∂T does not necessarily give inﬁnite vacuum energy.
We then also investigate the case in which the matter term
is Im[ϕα,GMN ], α = 1,2. Upon quantization we have constraints,
acting on a state vector, and no time derivative term. But oth-
erwise, the constraints, integrated overs dx1 dx2 dx3 dx5, closely
match the Schrödinger representation of QED [10], apart from the
term Hg due to 4D gravity. We point out that, according to the
literature [11], the term −i∂Ψ/∂T could come from Hg as an
approximation. So we obtain the Schrödinger equation for the evo-
lution of a wave functional that depends on the electromagnetic
ﬁeld potentials and scalar ﬁelds, ϕα . This is what we also have
in the usual Schrödinger (functional) representation [10] of QED.
Alternatively, we might be interested in how evolves in time a
wave functional that depends on the 4D gravitational ﬁeld and on
the electromagnetic ﬁeld. We show how the time derivative term
−i∂Ψ/∂T , i.e., the same term that we obtain from I[XM ,GMN ], re-
sults as an approximation to the scalar ﬁeld matter part, Hm , of
the total Hamiltonian, H . Regardless of which way we generate an
approximative evolution term in the quantum constraint equation,
if matter consists of scalar (or spinors) ﬁelds, then it gives inﬁnite
vacuum energy density coupled to gravity.
2. ADM and Kaluza–Klein splitting of the Einstein–Hilbert action
in the presence of matter
Let us consider the Einstein–Hilbert action in ﬁve dimensions
in the presence of a source, whose center of mass is described by
XM(τ ), M = 0,1,2,3,5:
I
[
X A,GMN
]= M
∫
dτ
(
X˙M X˙NGMN
)1/2
+ 1
16πG
∫
d5x
√−GR(5). (1)
Here GMN is the 5D metric tensor, G its determinant, and G the
gravitational constant in ﬁve dimension. The source is not a point
particle, it is an extended, ball-like or spherical membrane-like ob-
ject. We are not interested in the detailed dynamics of the coupling
of the ball or the membrane with the gravitational ﬁeld, we will
only consider the center of mass. Therefore, our description will be
valid outside the object, whose radius may be small, but greater
than the Schwarzschild radius.
The metric tensor GMN can be split according to ADM [6] as:
GMN =
(
N2 − NaNa, −Na
−Nb, −qab
)
, (2)
where N = √1/G00 and Na = qabNb = −G0a , a = 1,2,3,5, are the
laps and shift functions in ﬁve dimensions.
Alternatively, GMN can be split according to Kaluza–Klein:
GMN =
(
gμν − φ2AμAν, k2φ2Aμ
k2φ2Aν, −φ2
)
, (3)
where gμν is the metric tensor, and Aμ the electromagnetic ﬁeld
in 4D, whereas k ≡ 2
√
G(4) is a constant to be deﬁned later.
From Eqs. (2), (3) we obtain the following relations:
G00 = g00 − k2φ2(A0)2 = N2 − NaNa, (4)
G0i = g0i − k2φ2A0Ai = −Ni, (5)
G05 = kφ2A0 = −N5, (6)
G55 = −φ2 = −q55, (7)
Gi5 = kφ2Ai = −qi5, (8)
Gij = gij − k2φ2Ai A j = −qij, i, j = 1,2,3. (9)For the inverse metric tensors,
GMN =
(
1/N2, −Na/N2
−Nb/N2, −NaNb/N2 − qab
)
=
(
gμν, kAμ
kAν, k2AμAμ − 1/φ2
)
, (10)
we obtain
G00 = g00 = 1
N2
, (11)
G0i = g0i = − N
i
N2
, (12)
G05 = kA0 = −N
5
N2
, (13)
G55 = k2AμAμ − 1
φ2
= (N
5)2
N2
− q55, (14)
Gi5 = kAi = −qi5, (15)
Gij = gij − N
iN j
N2
= qij . (16)
The 4D metric gμν can also be split according to ADM. This gives
the 3D metric, γi j , and its inverse, γ i j .
The matter part of the action (1) can be cast into the phase
space form,
Im
[
XM , pM ,α,GMN
]
=
∫
dτ
[
pM X˙
M − α
2
(
GMN pM pN − M2
)]
, (17)
and split according to (2), (10). We obtain
Im
[
XM , pM ,α,N,N
a,qab
]
=
∫
dτ
[
pM X˙
M − α
2
(
1
N2
(
p0 − Napa
)2 − qab papb − M2
)]
.
(18)
Using the ADM splitting, the gravitational part of the action can be
written as
IG
[
qab, p
ab,N,Na
]=
∫
d5x
(
pabq˙ab − NHG − NaHGa
)
. (19)
Here
HG = − 1
κ
Qabcdp
ab pcd + κ√qR¯(4), (20)
HaG = −2Dbpab, (21)
where κ = 1/(16πG), and Qabcd = (1/√q)[−qabqcd/(D − 1) +
(qacqbd+qadqbc)/2] is the Wheeler–DeWitt metric in D-dimensions.
In our case it is D = qabqab = 4.
Varying IG with respect to pab , we have the relation
pab = κ√q(Kab − Kqab), (22)
where
Kab = 12N
(−q˙ab + D(4)a Nb − D(4)b Na). (23)
Here, R¯(4) and D(4)a are, respectively, the Ricci scalar and the co-
variant derivative in the 4D space with the metric qab .
Our total phase space action
I = Im + IG (24)
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the momenta, pM , of the metric qab on a 4D slice, of the mo-
menta pab , and of the set of the Lagrange multipliers, α, N , Na .
Variation of the total action with respect to α, N and Na gives the
following constraints:
1
N2
(
p0 − Napa
)2 − qab papb − M2 = GMN pM pN − M2 = 0, (25)
−HG + δ3(x− X)δ
(
x5 − X5) 1
N
(
p0 − Napa
)= 0, (26)
−HGa + δ3(x− X)δ
(
x5 − X5)pa = 0. (27)
In deriving the last two equation we have taken into account that
(1/N2)(p0 − Napa) = G0M pM = X˙0/α, and have integrated the ex-
pressions
∫
dτ
α
N3
(
p0 − Nbpb
)2
δ5
(
x− X(τ )),
and∫
dτ
α
N2
pa
(
p0 − Nbpb
)
δ5
(
x− X(τ )).
The integration
∫
d5x δ5(x − X(τ )) = 1 was inserted into Im in or-
der to cast Im into a form, comparable to that of IG . Let me repeat
that XM(τ ) are the center of mass coordinates of an extended
source, not of a point particle. The matter action (17) is thus an
approximation to an action in which all other degrees of freedom
of the extended object have been neglected.1
Eqs. (26), (27) are an inﬁnite set of constraints, one at each
point xa = (x, x5) ≡ x¯. If we multiply Eqs. (26), (27) by eikaxa ,
a = 1,2,3,5, integrate over d4 x¯ = d3xdx5, we obtain the Fourier
transformed constraints, one for each ka:
−
∫
d4 x¯eikb(x
b−Xb)HG + 1
N
(
p0 − Nbpb
)∣∣
Xa = 0, (28)
−
∫
d4 x¯eikb(x
b−Xb)HGa + pa|Xa = 0. (29)
For ka = 0 (zero mode), and after ﬁxing a gauge N = 1, Na = 0,
Eqs. (28), (29) become
∫
d4x¯HG = p0, (30)
∫
d4x¯HGa = pa. (31)
Using (20),(21), we have
− 1
κ
∫
d4x¯
(
Qabcdp
ab pcd + κ√qR¯(4))= pa, (32)
−2
∫
d4 x¯ Db pa
b = −2
∮
dΣb pa
b = pa. (33)
Splitting the above equations à la Kaluza–Klein by using
Eqs. (4)–(16), it turns out that they contain the parts of the 4D
gravity and the Maxwell theory. Eq. (32) can be written as
HG =
∫
d3x (Hg +HEM +Hφ) = p0 (34)
where according to Ref. [5]
1 See footnotes 1 and 2 of Ref. [7].Hg = − 1
2κ(4)
Tijkπ
i jπk + κ(4)√γ R(3), (35)
HEM = − 2
κ(4)
√
γ k2φ3
π iπ jγi j − κ
(4)
4
√
γ k2φ3Fij F
i j, (36)
Hφ = −2κ(4)√γDiDiφ − 1
6κ(4)
√
γ
π2φ +
1
3κ(4)
√
γ
πφπ
i jγi j,
(37)
with Tijk = (γikγ j + γiγ jk − 23γi jγk), i, j,k,  = 1,2,3, whe-
reas π i j , π i , and πφ are the canonical momenta conjugated to the
spatial metric γi j , the electromagnetic potential Ai , and the scalar
ﬁeld φ, respectively.
Eq. (33) can be split according to
−2
∫
d4x¯
(
Di pa
i + D5pa5
)= pa. (38)
Let us assume that D5pa5 = 0, because of the isometry along the
5th dimension (cylindricity condition). Then, for a = j, we have
−2
∫
d4x¯ Di p j
i = −2
∮
dΣi p
i
j = p j, (39)
where pi j can be split into the part due to the spatial metric γ
i j ,
the part due to the electromagnetic ﬁeld Ai , and the part due to
the scalar ﬁeld φ (see Ref. [5]).
For a = 5, using (22), (23), we ﬁnd:
−2
∮
dΣi p5
i =
∮
dΣi κ
√
q
[
−γ i j d
dt
(
kφ2A j
)+ kAi d
dt
(
φ2
)]
= −
∮
κ(4)kφ3
√
γ dSi A˙
i = p5. (40)
Here the hypersurface element in 4-space has been factorized ac-
cording to dΣi = dSi dx5, and the determinant according to √q =
φ
√
γ . The integration over dx5 then leaded to
∫
κdx5 ≡ κ(4) ≡∫
dx5/(16πG) ≡ 1/(16πG(4)).
Bear in mind that we have chosen the gauge N = 1, Na = 0,
which also implies Na = qabNb = 0. Then, from Eq. (6) it follows
A0 = 0. This is the temporal gauge for the electromagnetic poten-
tial. Therefore, the electromagnetic ﬁeld, Fμν = ∂μAν − ∂ν Aμ , has
the components F0i = ∂0Ai − ∂i A0 = ∂0Ai ≡ A˙i = Ei . Eq. (40) then
reads
−
∮
κ(4)kφ3
√
γ dSi E
i = p5. (41)
Because in the Kaluza–Klein theory the 5th component of a parti-
cle’s momentum is the electric charge, Eq. (41) is the Gauss law of
electrodynamics.
3. Quantization
After quantization, the classical constraints (25)–(27) become
the conditions on a state |Ψ 〉:
(−GMN pM pN − M2)|Ψ 〉 = 0, (42)
1
κ
(
Qabcdp
ab pcd − κ√qR¯(4))|Ψ 〉 = −δ4(x¯− X¯)p0|Ψ 〉, (43)
−2qacDb pcb|Ψ 〉 = δ4(x¯− X¯)pa|Ψ 〉, (44)
where pM , pab are now momentum operators, and δ4(x¯ − X¯) ≡
δ3(x − X)δ(x5 − X5), x¯ ≡ xa , X¯ ≡ Xa , a = 1,2,3,5. The state
|Ψ 〉 can be represented as a wave function(al) 〈T , Xa,qab|Ψ 〉 ≡
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pab = −iδ/δqab . Integrating (43) and (44) over d4 x¯ ≡ d3xdx5 gives2
1
κ
∫
d4 x¯
(
−Qabcd δ
2
δqabδqcd
− κ√qR¯(4)
)
Ψ = i ∂Ψ
∂T
, (45)
−2
∫
d4x¯ qcbDb
(
−i δΨ
δqcb
)
= −i ∂Ψ
∂ Xa
. (46)
Every solution to the quantum constraints (42)–(44) satisﬁes the
Schrödinger equation (45) with the time T ≡ X0. The opposite is
not true: not every solution of the Schrödinger equation (45) does
satisfy the full set of constraints (42)–(44). There is no term that
could give inﬁnite energy coupled to the 5D gravity. Instead of
such annoying term, we have the term i∂Ψ/∂T .
We can envisage that there exists a particular, wave packet-like
solution, Ψ [T , Xa,qab], that describes a 5D spacetime, split à la
Kaluza–Klein. Then Eqs. (42)–(46) contain the pieces that corre-
spond to the 4D gravity, to the electromagnetic ﬁeld, and to the
scalar ﬁeld φ ≡ −G55. For instance, Eq. (45) can then be written in
the form
H
(
−i δ
δγi j
,−i δ
δAi
− i δ
δφ
)
Ψ
[
T , Xi, γi j, Ai, φ
]
= i ∂
∂T
Ψ
[
T , Xi, γi j, Ai, φ
]
. (47)
The ﬁfth component of Eq. (46) then becomes
−
∫
d3xφ3
√
γ ∂i
(
−i δΨ
δAi
)
= −i ∂Ψ
∂ X5
= eΨ. (48)
The above equations are the quantum versions of the classical
equations (34)–(41).
In addition, the state |Ψ 〉 also satisﬁes Eq. (42), i.e., the 5D
Klein–Gordon equation(−GMNDMDN − M2)Ψ = 0, (49)
that, after the Kaluza–Klein splitting becomes[
gμν
(−iD(4)μ + eAμ)(−iD(4)ν + eAν)−m2]Ψ = 0, (50)
where m2 = M2 + e2/φ2, and D(4)μ the covariant derivative with
respect to the 4D metric gμν .
Eq. (47) generalizes the functional Schrödinger equation for the
electromagnetic ﬁeld [10], whereas Eq. (48) generalizes the Gauss
law constraint.
4. Arbitrary matter term in the action
In general, the matter term, Im , of the action is a functional of
a set of ﬁelds ϕα . So we have the following total action:
I = IG
[
GMN
]+ Im[ϕα,GMN]. (51)
For instance, if α = 1,2, then ϕα can be the real an imaginary
component of the charged scalar ﬁeld. The matter action is then
Im = 1
2
∫
d5x
√−G(GMN∂Mϕα∂Nϕα − M2ϕαϕα). (52)
After the ADM splitting, we have
Im = 1
2
∫
dt d4 x¯ N
√
q
[(
1
N
)2(
ϕ˙α − Na∂aϕα
)(
ϕ˙α − Nb∂bϕα
)
− qab∂aϕα∂bϕα − M2ϕαϕα
]
. (53)
2 Here we neglect the ordering ambiguity issues.The Hamiltonian, corresponding to the action (51) is
H = −
∫
d4x¯
(
N
δ I
δN
+ Na δ I
δNa
)
, (54)
where −δ I/δN =H=HG +Hm , and −δ I/δNa =Ha =HGa +Hma
are the constraints.
Here Hm =
∫
d4 x¯Hm is the Hamiltonian for the matter ﬁelds.
In the case in which Im is given by Eq. (53), it is
Hm = −
∫
d4 x¯
δ Im
δN
= 1
2
∫
d4 x¯
1√
q
(
ΠαΠα + qab∂aϕα∂bϕα + M2ϕαϕα
)
, (55)
where
Πα = ∂Lm
∂ϕ˙α
=
√
q
N
(
ϕ˙α − Na∂aϕα
)
. (56)
Upon quantization, we have
(HG + Hm)|Ψ 〉 = 0. (57)
In the usual approaches to quantum ﬁeld theories, where gravity
is not taken into account, one does not assume the validity of the
constraint equation (57), but of the Schrödinger equation
Hm|Ψ 〉 = i ∂|Ψ 〉
∂t
. (58)
But we see, that within the more general setup with gravity,
the validity of the Schrödinger equation (58) cannot be taken
for granted. Eq. (58) is presumably incorporated in the con-
straint equation (57), and this has to be derived. Various authors
have worked on such problem [11] of how to derive i∂|Ψ 〉/∂T
from HG .
The opposite, namely how to derive i∂|Ψ 〉/∂T from Hm in or-
der to obtain from (57) the equation HG = i∂|Ψ 〉/∂T , is also an
interesting problem. There is a lot of discussion in the literature
on such problem [12]. Let me show here a possible procedure. De-
spite that our procedure refers to the 5D gravity, it holds also for
the usual, 4D, gravity.
From the stress-energy tensor
T MN = a
[
∂Mϕ∗∂Nϕ − 1
2
GMN
(
G J K ∂ J ∂K − M2ϕ∗ϕ
)]
, (59)
after taking the Ansatz
ϕ = A ei S , (60)
we obtain the following expression for the ﬁeld momentum:
PM =
∫ √−G dΣN T MN = a
∫ √−G dΣN A2∂M S∂N S. (61)
Here we have taken into account that ϕ satisﬁes the Klein–Gordon
equation, which in the limit h¯ → 0 gives ∂M S ∂M S − M2 = 0, im-
plying that the second term in Eq. (59) vanishes.
Let us now assume that |ϕ| = A2 is picked around the classical
particle worldline. As a convenient approximation let us take
A2 =
∫
dτ
δ5(x− X(τ ))√
G
. (62)
Since pN = ∂N S , we obtain
PM = a
∫
dΣN dτ δ
5(x− X(τ ))pM pN . (63)
M. Pavšicˇ / Physics Letters B 717 (2012) 441–446 445Assuming that dΣN = pN/
√
p2 dΣ , where dΣ = d4 x¯, taking a
gauge X0 = τ , i.e., X˙0 = 1, and integrating over τ , we ﬁnd
PM = a
∫
dΣ
pN pN√
p2
pM
δ4(x¯− X¯)
| X˙0|
= a
∫
d4 x¯ MpMδ4(x¯− X¯) = aMpM = pM . (64)
We see that the ﬁeld momentum is equal to the particle’s momen-
tum, if the normalization constant is a = 1/M .
Alternatively, if we do not integrate over τ in Eq. (63), we have
PM = a
∫
dΣ dτ MpMδ5
(
x− X(τ )). (65)
In the gauge in which τ = x0, it is dΣ dτ = d4 x¯dx0 = d5x. Integrat-
ing over d5x, we obtain the same result as in Eq. (64).
This was a classical theory. Upon quantization, the momen-
tum becomes the operator pM = −i∂/∂ XM , in particular, p0 =
−i∂/∂ X0 ≡ −i∂/∂T . Then Eq. (57) becomes
(
HG − i ∂
∂T
)
|Ψ 〉 = 0, (66)
which corresponds to our Eq. (45), derived from the total ac-
tion (24) with the point particle matter term.
Since we consider a ﬁve or higher-dimensional spacetime, we
can perform the Kaluza–Klein splitting. Then Eq. (57) contains the
terms due to the 4D gravity and the terms due to the electromag-
netic or Yang–Mills ﬁelds:
(Hg + HEM + Hm + · · ·)|Ψ 〉 = 0. (67)
All those terms together form a constraint on a state vector. There
is no explicit time derivative term. We have two basically different
possibilities:
(a) A time derivative term comes from Hg as an approxima-
tions. Then the system (67) becomes the Schrödinger equation for
the electromagnetic ﬁeld in the presence of “matter”:
(
−i ∂
∂T
+ HEM + Hm
)
|Ψ 〉 = 0. (68)
We have considered the case in which matter consists of a charged
scalar ﬁeld. We could as well consider a spinor ﬁeld.
(b) A time derivative term comes from Hm as an approximation.
Then Eq. (67) describes the evolution of the electromagnetic and
the gravitational ﬁeld:
(
Hg + HEM − i ∂
∂T
)
|Ψ 〉 = 0. (69)
In general, both Eqs. (68) and (69) are approximations to the
constraint (67). In particular, if for the matter term in the classical
action (51), instead of Im[ϕα,GMN ], we take the “point particle”
action Im[XM ,GMN ], then—as shown in Sections 2 and 3—we also
arrive at Eq. (69). This is then an “exact” equation, because the
term −i∂/∂T comes directly from p0 of the “point particle”.
If in Eq. (67) we do not ticker with the term Hm , but leave it
as it is, then it gives inﬁnite vacuum energy.
5. Discussion
We have considered ﬁve-dimensional gravity in the presence
of a source whose center of mass was described by a point
particle action. After performing the ADM splitting and vary-
ing the action with respect to the lapse and shift functions, weobtained the Hamiltonian constraint and four momentum con-
straints. In addition, we also obtained the constraint coming from
the reparametrization invariance of the point particle term in the
total action. In the quantized version of the theory, all those con-
straints act on a state that can be represented as Ψ [T , Xa,qab],
a function(al) of the particle’s coordinates XM = (T , Xa), and of the
4D metric, qab , a,b = 1,2,3,5. The Ψ satisﬁes the Wheeler–DeWitt
equation in which the term due to the presence of the particle is
−i∂Ψ/∂T . It also satisﬁes quantum momentum constraints with
a term −i∂/∂ Xa . Besides that, the Ψ [XM ,qab] satisﬁes the Klein–
Gordon equation in curved space. Also in the usual theories the
Klein–Gordon ﬁeld in a curved space is a functional of the (back-
ground) metric. In our approach the metric is not a background
metric. It is a dynamical metric, therefore the wave functional
Ψ [XM ,qab] satisﬁes the Wheeler–DeWitt equation as well.
If we split the 5D metric à la Kaluza–Klein, then the equations
split into the terms describing the 4D gravity and electrodynamics.
In the quantized theory we obtain the functional representation of
quantum electrodynamics in the presence of gravity. But there are
some subtleties here, because according to the usual theory [10],
also a term due to the stress-energy of a charged scalar ﬁeld or a
spinor ﬁeld should be present in Eq. (47). There is no such term
in Eq. (47), because we have started from the classical action (1)
with a “point particle” matter term. The corresponding stress-
energy tensor has—amongst others—the ﬁve components T00, T0a ,
a = 1,2,3,5, as given in Eqs. (26), (27). Integrating over d4 x¯, we
obtain the particle’s 5-momentum (p0, pa) that, after quantization
becomes (−i∂/∂T ,−i∂/∂ Xa). The term i∂/∂T in the Schrödinger
equation (45) thus comes from the stress-energy of a “point parti-
cle”.
In the usual approaches, one does not start from the action (1)
with a “point particle” matter term, but from an action with a
charged scalar ﬁeld, ϕ , or a spinor ﬁeld, ψ . In Section 4 we
explored how this works in ﬁve dimensions. The Kaluza–Klein
splitting of the 5D gravity in the presence of a charged scalar
or spinor ﬁeld gives, after quantization, a wave functional equa-
tion (67) without the time derivative term. In such approach,
the notorious “problem of time” remains.3 On the other hand,
in the textbook formulation [10] of the Schrödinger representa-
tion of quantum electrodynamics that is not derived from a 5D
or a higher-dimensional gravity, one has the term i∂Ψ/∂T , be-
sides the energy term due to ϕ or ψ . According to the existing
literature [11], such time derivative term can occur from the grav-
itational part of the total Hamiltonian. So we obtained Eq. (68).
We have also shown how the matter part of the Lagrangian with
the scalar ﬁelds can give the time derivative term. Thus we ob-
tained Eq. (69). So we have a relation between the approach that
starts from the classical action I[XM ,GMN ], and the usual ap-
proach that start form I[ϕα,GMN ]. But there is a crucial differ-
ence, because in the former approach, after quantization, a wave
functional Ψ [XM ,qab] satisﬁes the Klein–Gordon equation and the
Wheeler–DeWitt equation, whereas in the latter approach we have
a wave functional Ψ [ϕα,qab] that satisﬁes the Wheeler–DeWitt
equation only.
Having in mind that we usually consider a classical theory
and its quantization, it seems natural to start from classical ob-
jects, e.g., particles, described by XM , coupled to gravity, described
by GMN , so that after quantization we obtain a wave functional
Ψ [XM ,qab]. Having a wave functional Ψ [XM ,qab], we can envis-
age its second quantization, so that Ψ and its Hermitian con-
jugate are related to the operators that create at XM a particle
3 Moreover, because of the inﬁnite vacuum energy density of the charged scalar
or spinor ﬁeld coupled to gravity, there is the problem of the cosmological constant.
446 M. Pavšicˇ / Physics Letters B 717 (2012) 441–446with a surrounding gravitational ﬁeld qab . This brings new direc-
tions for further development of quantum ﬁeld theories, including
gravitational, electromagnetic, and Yang–Mills ﬁelds that arise in
higher-dimensional spacetimes.
6. Conclusion
From the Wheeler–DeWitt equation in ﬁve dimensions we have
obtained, depending on choice of a matter term, two different
versions of modiﬁed quantum electrodynamics in the Schrödinger
representation. The ﬁve-dimensional gravity with matter was only
a toy model. A more realistic theory, describing all fundamental
interactions, should be formulated in higher dimensions [3]. Since
QED is a theory that in many respects works very well, this indi-
cates that also the higher-dimensional Wheeler–DeWitt equation,
into which QED is embedded, could be—to a certain extent—a
valid description of Nature. On the other hand, for many rea-
sons gravity—regardless of the spacetime dimensionality—cannot
be considered as a complete, but rather as an effective theory
arising from a more fundamental theory. The underlying more
fundamental theory could have roots in any of the currently in-
vestigated ﬁelds of research such as strings [13], branes [14],
brane worlds [15], loop quantum gravity [16], gravity as entropic
force [17], etc. There could also be some new, not yet explored
landscape of theoretical physics [18–20].
Acknowledgements
This work has been supported by the Slovenian Research
Agency.References
[1] B.S. DeWitt, Phys. Rev. D 160 (1967) 1113.
[2] E. Anderson, The problem of time in quantum gravity, arXiv:1009.2157 [gr-qc].
[3] E. Witten, Nucl. Phys. B 186 (1981) 412.
[4] M.I. Beciu, Nuovo Cimento B 90 (1985) 223.
[5] V. Lacquanity, G. Montani, Int. J. Mod. Phys. D 15 (2006) 559.
[6] R. Arnowitt, S. Deser, C. Misner, Phys. Rev. 116 (1959) 1322;
R. Arnowitt, S. Deser, C. Misner, in: L. Witten (Ed.), Gravitation: An Introduction
to Current Research, Wiley, New York, 1962, pp. 227–265.
[7] M. Pavšicˇ, Phys. Lett. B 703 (2011) 614.
[8] P.A.M. Dirac, Proc. R. Soc. (London) A 268 (1962) 57.
[9] A.O. Barut, M. Pavšicˇ, Phys. Lett. B 306 (1993) 49;
A.O. Barut, M. Pavšicˇ, Phys. Lett. B 331 (1994) 45.
[10] B. Hatﬁeld, Quantum Field Theory of Point Particles and Strings, Addison-
Wesley, Redwood City, 1992.
[11] V.G. Lapschinsky, V.A. Rubakov, Acta Phys. Polon. B 10 (1979) 1041;
C. Kiefer, Class. Quant. Grav. 9 (1992) 147.
[12] C. Rovelli, Class. Quant. Grav. 8 (1991) 297;
C. Rovelli, Class. Quant. Grav. 8 (1991) 317.
[13] See for instance T. Damour, M. Lilley, String theory, gravity and experiment,
arXiv:0802.4169 [hep-th], and references therein.
[14] M. Duff, Benchmarks on the brane, arXiv:hep-th/0407175.
[15] For an extended list of references see M. Pavšicˇ, V. Tapia, Resource letter on
geometrical results for embeddings and branes, arXiv:gr-qc/0010045.
[16] See e.g. C. Rovelli, Quantum Gravity, Cambridge University Press, 2010;
H. Sahlmann, Loop quantum gravity – a short review, arXiv:1001.4188 [gr-qc].
[17] E. Verlinde, JHEP 4 (2011) 29, arXiv:1001.0785 [hep-th].
[18] M. Pavšicˇ, The Landscape of Theoretical Physics: A Global View; From Point Par-
ticles to the Brane World and Beyond in Search of a Unifying Principle, Kluwer,
Dordrecht, 2001.
[19] M. Pavšicˇ, in: M. O’Loughlin, S. Stanicˇ, D. Vebericˇ (Eds.), Proceedings of the
Second Conference on Time and Matter, University of Nova Gorica Press, Nova
Gorica, 2008, pp. 161–178, arXiv:0712.3660 [gr-qc].
[20] M. Pavšicˇ, Adv. Appl. Clifford Algebras 22 (2012) 449, arXiv:1104.2266 [math-
ph].
